We propose a formula relating scattering S-matrix amplitudes to correlators of a conformal field theory. The proposal implements a flat limit of the field theory, providing an indirect microscopic description of gravitational theories with asymptotically flat boundary conditions. The formula is valid for both massive and massless external particles, and reduces to existing expressions in the literature when all particles are either simultaneously massless or massive. We test the result in various (2 + 1)-dimensional examples such as simple BMS 3 invariant correlators and blocks. We also study two-point correlators in conformal field theory deficit states to obtain known expressions for non-trivial scattering in asymptotically flat conical geometries.
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The holographic principle [1, 2] relates a theory of quantum gravity in a volume of spacetime to a non-gravitational theory in a lower dimensional boundary. A concrete example for this principle is the AdS/CFT correspondence [3] , relating a theory of quantum gravity with anti-de Sitter (AdS) asymptotics to a conformal field theory (CFT). Generalizing this duality to other asymptotics is of great relevance, as it would allow for a holographic understanding of physics in a Universe similar to our own. In this note, we study physics in flat space-time from an indirect holographic perspective.
Formulating holography in asymptotically flat space-times entails establishing a microscopic theory that naturally possesses all holographic degrees of freedom at the boundary. Once the microscopics are understood, it is in principle possible to compare the observables in the gravitational theory with the ones at the boundary. Alternatively, in this note we will seek to describe holography in flat space through a flat limit of the well established AdS/CFT conjecture. The observables in the gravitational theory can then be understood as particular limits of CFT observables, providing an indirect microscopic description of the gravitational theory.
The observables we will be concerned with in this paper are the S-matrix amplitudes of the asymptotically flat geometry, which we will study as flat limits of CFT correlators. The general philosophy we explore is not new. The relation between the flat space S-matrix and the AdS/CFT correspondence has been discussed extensively in the literature [4] [5] [6] [7] [8] [9] . More recently, it has been understood how analyticity and unitarity of the S-matrix follows from the structure of a holographic conformal field theory [10, 11] . In [12] , an expression for the flat space S-matrix that involves external massive particles was proposed and used to implement the bootstrap programme. The approach presented in this paper will clarify the connection between the flat limit presented in [12] involving massive particles and the results presented in [8, 10, 11, 13 ] that apply to massless particles. The formula we propose in this work is obtained by applying the following strategy. We first define a region of an asymptotically AdS space-time that turns into an asymptotically flat geometry upon the implementation of a flat limit. In such region, we define local operators from the perspective of the conformal field theory by applying the HKLL proposal [14] . Finally, we perform a Fourier transform on the coordinates of the flat region such that the resulting operator is defined at a particular value of momentum. Correlators of such operators in the large radius of AdS limit are then related to the S-matrices of flat space, resulting in a simple formula that we advertise here S{p i } = lim l→∞ l d− 3 2 i C(p i ) dt i e ±iω i t i 0|O (τ 1 , Ω 1 ) · · · |0 .
(1.1)
The parameter l stands for the AdS radius, and the normalization constants C(p i ) can be found in formula 2.15 in the main text. The operators inside the CFT correlator have conformal dimensions ∆ i ∼ O(1) if the resulting particles in flat space are massless, or otherwise obey ∆ i = m i l if the resulting particles have mass m i . The operators in the correlator are inserted at momenta-dependent locations given by
Here, the Lorentz vector p i = (ω i , k i ) determines energy-momentum in cylindrical coordinates, where k i = |k i | and χ i parametrizes a point on the unit sphere. The sign choice is related to the choice between "in" and "out" states in the resulting S-matrix.
As an application of the proposal 1.1, we will study the scattering of particles against an asymptotically flat cone geometry. A non-relativistic study can be found in [15, 16] , and a more recent relativistic calculation can be found in [17] . The S-matrix amplitude obtained in these works will be matched with the flat limit of CFT 2 correlators in a conical defect state, suggesting that non-trivial CFT correlators can be used to study non-trivial scattering processes in asymptotically flat space-times.
Holography in flat space-time should also be understood independently of AdS/CFT. The asymptotic structure of flat-space suggests that a theory with BMS symmetry should arise as a dual to a gravitational theory with Minkowski asymptotics [18] . In this note, we will revisit the construction of observables in such a theory in (2 + 1) dimensions. We will construct operators associated to irreducible unitary representations of the symmetry algebra [19] , and construct simple correlators fixed by the symmetry. The results obtained this way will be then matched to the flat limits we construct in the main text.
It is also worth mentioning the relation between the results presented here and our previous work concerning holographic correlators in the context of (2 + 1)-dimensional flat holography [20, 21] . In those papers, we studied correlators of operators associated to highest weight representations of the BMS 3 symmetry group. Such correlators were mapped to holographic structures consisting on Feynman diagrams integrated over null lines falling from the boundary at the locations of the insertions of the BMS 3 primary operators. Highest weight representations are however explicitly non-unitary [19, 22, 23] , and thus unphysical in the context of holography. Indeed, one can regard the non-local nature of the holographic construction as a symptom of the choice of representations. It is of immediate interest to consider the unitary representations of the BMS 3 group. These representations obey a state operator map in momentum space, and thus correlators are simply the S-matrix elements of the bulk theory, which are the observables we study throughout this work.
The paper is organized as follows; In section 2 we assemble a proposal for the S-matrix scattering amplitude in an asymptotically flat space-time from conformal correlators. We test the resulting formula by computing Poincaré invariants from simple vacuum CFT correlators. In section 3 we review (2 + 1)-dimensional gravity in flat space and its relation to the BMS 3 group. We review the definition of unitary representations of the BMS 3 algebra, introduce BMS operators, and construct simple correlators that match the flat limits in the previous section. Section 4 is devoted to the study of light particles propagating around a conical deficit/cosmic string in flat space, from the indirect holographic perspective proposed above. We close the paper with some discussion and future work in section 5.
Flat space scattering amplitudes from CFT correlators
Ideally, in a holographic theory of gravity in flat space, scattering amplitudes would be obtained from specific quantum theories realizing the holographic principle. However, as of now, there are no examples of candidate theories with BMS 3 invariance and large central charge 1 . An alternative strategy to provide flat space with some microscopic understanding is to regard flat space-time as a flat limit of anti-de Sitter space, and use the AdS/CFT duality to indirectly relate observables in the gravitational theory with observables in a theory without gravity. Such a strategy might prove useful to probe fundamental questions like the resolution of the information loss problem in black holes with flat asymptotics.
The purpose of this section is to motivate the introduction of a map between CFT correlators and scattering amplitudes in asymptotically flat space-times. The construction presented in this section reduces to the prescription used in [10, 11] when the external particles in the S-matrix are massless, and is equivalent to the map proposed in [12] when the external particles are massive. It is worth mentioning that the proposal we develop in this section is valid for any dimension, even though the tests we perform throughout the paper focus on the (2 + 1)-dimensional case.
The strategy is quite simple; We first define a region of AdS that turns into flat space upon the implementation of a flat limit. The limit is realized by taking the AdS length scale to infinity. Inside this region, we then define local bulk operators using the HKLL prescription [14] . In order to define S-matrix amplitudes, these operators must be taken to momentum space through a Fourier transform. This construction yields a smearing of CFT primaries, whose correlators turn into S-matrix amplitudes upon taking the flat limit.
1 Explicit large c conformal field theories dual to Einstein gravity in 2 + 1 dimensions are also unknown [24, 25] , so this issue is not a feature contingent to flat space-times. Interesting work concerning duals to flat space in three dimensions include [26, 27] .
We start by defining a flat space scatteting region inside the bulk of AdS. The metric of the bulk geometry reads
The following coordinate replacement turns this line element into that of Minkowski space in cylindrical coordinates upon the limit l → ∞ τ = t l , and ρ = r l .
(2.
2)
The region defined by these coordinates has been drawn in blue in figure 1.a).
Before we take a large l limit, we define a local bulk operatorφ(x) at some point x inside the scattering region specified in 2.2. The expression for such field as a function of CFT operators reads, in the large N limit [14] 
The physical bulk field away from the semi-classical limit involves multi-trace corrections [28, 29] , which we will not consider throughout this work. The mass of the bulk field is related to the conformal dimension of the primary operator as m 2 l 2 = ∆(∆ − d). This means that in order to study massive particles in flat space, we will consider primary operators with conformal dimensions ∆ = ml in the large l limit. The case of massless particles corresponds to primaries with conformal dimensions that do not scale with l.
The integral in equation 2.3 is performed over the region of the AdS boundary that is space-like separated from the bulk point x. For the case at hand, in which the point x is inside the flat space scattering region defined above, the integration region is approximately the global cylinder from τ = −π/2 to τ = π/2. This region is shaded in red in figure 1.a).
We are interested in the construction of S-matrix amplitudes, so we need to study operators in momentum space. More specifically, we are interested in the momentum space dual to the coordinates x inside the scattering region 2.2. We thus perform a Fourier transform with respect to such coordinateŝ
Note that the S-matrix amplitudes we seek to construct are objects defined in the asymptotic null boundary of flat space, and so the Fourier transform against plane-wave solutions presented here is valid as long as the geometry inside the scattering region 2.2 is asyptotically flat under the large AdS radius limit. The expression between brackets in formula 2.4 can be Figure 1 : Construction of flat space scattering states from states in a conformal field theory. a) The bulk fieldφ(x) is placed inside a scattering region around the center of global AdS (blue). The local operator can be reconstructed semi-classically in the boundary using the HKLL formula 2.3. The reconstruction involves the shaded red part of the boundary, which is space-like separated to the scattering region. b) After performing a Fourier transform with respect to the flat space coordinates and implementing a flat limit, the reconstruction is performed by placing a primary operator in a Euclidean continuation of the boundary manifold. If the flat space particle is massless, the CFT operator is inserted at a real value of global time τ = ±π/2. simplified greatly in this limit. The kernel must obey the scalar field equation with respect to the coordinate x. This means that a general solution for the kernel can be written as
5)
It is also true that kernel must be invariant under AdS isometries, and so it can only depend on the AdS invariant distance
placing x inside the scattering region, and expanding the location of the boundary point as
we obtain
(2.9)
Note that the different signs here can be exchanged if we continue the momentum vector to its negative value p ′ → −p ′ . We can thus understand the choice of sign in 2.9 as a choice between "in" and "out" states. We conclude that the Fourier transform of the kernel K ∆ (x|y) constrains the boundary point y to a fringe of global time parametrized by t y around a particular point in the CFT, specified by formulas 2.9. Note that physical momenta have ω ′ ≥ k ′ , and so the value of τ (0) y obtained here is complex. Indeed, one can think of the point τ (0) y as a point in a euclidean half sphere attached to the Lorentzian geometry at τ = ±π/2 depending on the sign choice in formulas 2.9. This can be seen explicitly by replacing
whereτ y is now a coordinate in the Euclidean half sphere, as formulas 2.9 now imply a real solution forτ yτ
In figure 1.b) we have drawn a picture representing the insertion of the CFT primaries in the Euclidean half sphere, and the resulting bulk operator in the momentum space dual to the scattering region.
After these manipulations, we can now simplify formula 2.4 and write the following correspondence between momentum operators in the flat space scattering region and smearings of CFT primaries at the boundarŷ φ(p) = l→∞ e ml dt e ±iωt O (τ, Ω) .
(2.12)
(2.13)
The overall exponential prefactor in 2.12 comes from the first term in equation 2.8. Using formula 2.12 one can now write scattering amplitudes in the flat space geometry as follows;
For a set of external particles with momenta p i , the S-matrix associated to a physical process in flat space reads
Here, the primaries are located at insertions τ i , Ω i of the form 2.13, and the choice of sign in all these formulas represents the choice between ingoing and outgoing particles. We have also introduced an overall power of the AdS length scale and defined the p-dependent factor 15) which ensure that the resulting S-matrix is properly normalized. Formula 2.14 is the main result of this section. The rest of the paper is devoted to testing this proposal for the simple correlators we will derive in section 3, and for more complicated scattering events as shown in section 4.
Before we proceed, some comments are in order. Firstly, formula 2.14 has been obtained assuming the semi-classical limit of AdS/CFT. In principle, the logic we have followed here can be applied including quantum corrections to the HKLL kernel. Alternatively, one might want to express local bulk operators using a different prescription (some 3D examples are cross-cap states [30] , proto-fields [31, 32] , or recovery channels [33, 34] ). One could then obtain a formula similar to 2.14 but involving non-primary operators, and valid beyond treelevel. This is however beyond the scope of this paper. It is also important that the result presented in this section has been obtained for a pure AdS background geometry. Formula 2.14 has to be slightly modified if the state of the CFT is not the vacuum. This will be seen explicitly in the computations of section 4, which involve a CFT 2 state dual to a conical deficit bulk geometry in AdS 3 .
Two-point function
In this subsection we test the proposal 2.14 for the case of two massive particles with momenta p 1 and p 2 in three dimensional Minkowski space (d = 2). The techniques used here will lay the groundwork for other computations in this paper. The S-matrix can be computed from the conformal two-point function through the formula
where we have chosen both particles to be outgoing, with
We will use the spectral form of the conformal two-point function
The strategy is to perform the sum over κ explicitly, which will result in a hypergeometric function. This function will then be written as an integral, which will be approximated through a stationary phase approximation in the large l limit. The integrals over t i will then be performed, resulting in Dirac delta distributions that will come in handy to simplify the final answer. The sum over κ yields
(2.19) where we have defined z = e −iτ 12 . The hypergeometric function allows for a complex integral representation.
The integral representation is valid as long as |arg(−z 2 )| < π, which is true for our insertions as long as we do not take the strict l → ∞ limit before performing the integral. We can now replace the values of τ i and choose conformal dimensions ∆ i = ml such that the dual fields stay massive as we take the large l limit. In such limit, the integrals over t i suggest that the integral over s is dominated by values s = ls ′ . We can thus write
where we have defined the following functions of s ′
The integral can then be evaluated using a stationary phase approximation. We look for saddle points obeying ∂ s ′ f (s ′ ) = 0. The saddle is located at
(2.23)
And so the result for the integral over s reads, as a function of s ′ * ,
(2.24) This expression can be simplified greatly by performing the integrals over t i , which are Dirac deltas enforcing conservation of the energy and radial momentum. After some simplification, we find
(2.25) where we have ignored overall constants. Using now the expression for the normalizations C(p i ) from equation 2.15 and performing the sum over n yields simply
(2.26)
We conclude that non-zero scattering involves vanishing total momentum p 1 + p 2 , as we will also derive using Poincaré invariance in formula 2.26 of section 3. The result presented here is mathematically involved but conceptually trivial, and serves only as a consistency check for the proposal 2.14, and also as a way to normalize the S-matrix. In the next subsection we analyze a more complicated correlator involving four CFT 2 operators.
Four-point function: global BMS 3 blocks from conformal blocks
We now focus on the S-matrix amplitude involving four external particles. The proposal 2.14 involves the conformal four-point function. This correlator is not fixed by conformal invariance, and can be expanded in any basis of conformally invariant functions. Here, we will consider the basis involving conformal blocks. As we will show, considering the contribution from a particular block will result in an S-matrix resembling a BMS 3 block. There objects will also be constructed from a BMS 3 theory perspective in section 3. Alternatively, instead of considering conformal blocks one can study conformal four-point functions obtained from holographic AdS 3 calculations like a Witten diagram. This would result in S-matrix amplitudes resembling Feynman diagrams.
Some of the computations shown here have also been performed previously in the literature. In [8, 10, 11] , S-matrices involving external massless particles were obtained from the conformal four-point function involving primaries with conformal dimensions ∆ ∼ O(1). In [12] , an expression for massive external particles (∆ = ml) was proposed. In this note, it will be clear how both of these approaches arise from formula 2.14.
The Mellin representation of CFT correlators [35, 36] is central to the constructions presented in previous works, and we will also make use of it here. The Mellin amplitude is an integral transform of a correlator in position space
where the Mellin variables obey γ ii = −∆ i , γ ij = γ ji and i γ ij = 0, and the kinematic objects in global coordinates are
(2.28)
These objects will have to be evaluated at the insertions 2.13 in order to calculate the S-matrix 2.14.
In this section, we will study the Mellin amplitude associated to a conformal block involving four operators exchanging a spinless representation with conformal dimension ∆ ′ . In the case of the four-point function, there are six Mellin variables, and the constraints fix four of them, leaving γ 24 and γ 34 unfixed. The explicit formulas are
(2.29)
In terms of the remaining free Mellin variables, the amplitude reads [10, 35] 
The calculation of the S-matrix proceeds differently depending on whether we study massless or massive particles. We first study the massless case.
Massless external particles
In the case of particles with null momenta, we need to study primary operators dual to AdS bulk fields with zero mass in the large l limit. We must have
This is achieved by considering operators with conformal dimension
Without loss of generality, we will consider four primary operators with the same conformal dimension. For null momenta, we have ω = ∓k. The insertions 2.13 in this case read
(2.34)
The imaginary part of global time vanishes and the primaries are smeared in a fringe of global time around τ = ±π/2. This is precisely the construction presented in [10] . The insertions can be understood as creating a light particle in AdS that propagates along a null ray and hits the scattering region at the center of global AdS around global time τ ≈ 0. Inserting more operators of this kind in the CFT thus sets up a scattering event around the center of global AdS involving external massless particles.
We have all the ingredients necessary to evaluate the proposal 2.14 for the scattering amplitude. We now use formula 2.27 for the CFT correlator, insert the primaries at the insertions 2.34, expand the integrand in the large AdS length scale limit, and perform the integrals over the time coordinates t i . The details of this calculation can be found in previous works [10] , and we have reviewed it in appendix B. Here we explicitly write the result. In terms of the Mellin amplitude, we obtain
Using now the explicit expression for the Mellin amplitude of a conformal block and approximating the result using Stirling's formula yields
which is precisely the formula for the global BMS 3 block. This formula will also be computed in 3.21 from the perspective of a theory with BMS 3 symmetry.
Massive external particles
We turn our attention to external particles with non-zero mass. In this case, a finite mass for the AdS bulk field can be achieved by studying primaries with conformal dimension
The primaries have to be inserted at the locations 2.13 for time-like momenta p i . In this case the insertion is complex in global time. This makes sense by recalling that massive fields propagating in anti-de Sitter space-time cannot reach the boundary of space with finite energy. As drawn in figure 1, Inserting the CFT operators in the Euclidean half sphere creates massive fields that propagate through AdS and focus on a narrow wave-packet when approaching the flat space scattering region.
We have all ingredients necessary to write down the integrand in our formula 2.14 and perform the integrals over the Mellin variables and the times t i . The computation is conceptually simple but technically involved, so we have relegated a summary of the main steps in appendix C. The result involves a saddle point approximation to the Mellin integrals, whose saddle reads
This is precisely the point in Mellin space relevant for the proposal in [12] . We conclude that the formula 2.14 roughly reduces to the proposal in [12] in the case of massive external particles. Evaluating the Mellin integrals at the saddle 2.38, the Dirac integrals over t i , and performing some algebra, one can conclude that for the block Mellin amplitude 2.30, the resulting scattering amplitude reads
which matches again the formula for a global BMS 3 block (see section 3). Note that this formula is slightly different from the one found for the massless case, as the momenta appearing here are time-like on-shell vectors obeying
The results presented in this section are the simplest applications of the S-matrix proposal. In the next section, we will interpret the results from the point of view of a BMS 3 theory that could represent the holographic dual to asymptotically flat space-times in (2 + 1) dimensions. A slightly more complicated application of the proposal can be found in section 4, which studies flat limits of CFT 2 correlators in states different from the vacuum.
Asymptotically flat space-times and BMS symmetry
In this section we analyze the asymptotic structure of flat space-time in three dimensions. The objective is to review the construction of the asymptotic symmetry group and its unitary representations, as well as the introduction of a state-operator map that will lead to the definition of BMS correlators. The simplest correlators fixed by global symmetry will then be compared with the flat limit results obtained in the previous section.
We consider Einstein gravity with vanishing cosmological constant in (2 + 1) dimensions. In Eddington-Fikelstein coordinates, the line element for the vacuum solution reads
where u = t − r is the retarded time, and φ ∼ φ + 2π. The future null boundary is located at r → ∞, with u, φ fixed. The charges associated to the asymptotic killing vectors of this geometry obey a centrally extended algebra associated to the BMS 3 group. The commutators read
Here L n stand for generators of super-rotations, while M n correspond to generators of supertranslations. The central charges depend on the specific theory of gravity. For the case of Einstein gravity, in order for the phase space of three-dimensional asymptotically flat gravity to match the space of coadjoint representations of the BMS 3 group, it is required that [37] c L = 0 , and c M = 3 G N .
(3.
3)
The application of the holographic principle in this context implies the existence of a theory whose physical content organizes into irreducible representations of the algebra 3.2. We proceed to discuss such representations.
Unitary representations of BMS 3
In this paper we will study the unitary representations of the BMS 3 group, which should be the relevant representations when discussing holography. For a careful discussion concerning many of the details discussed in this subsection, see [19] and [37] . A class of representations that we consider in this work are provided by the Hilbert space defined through the states |M, s obeying The states along the representation labeled by the quantum numbers M , s are obtained by acting with generators of super-rotations L n =0 . The representations considered here can be seen to arise from an ultra-relativistic limit of the highest weight representations of the symmetry algebra of a two-dimensional conformal field theory, which consists on two copies of the Virasoro algebra. If the Virasoro algebras are spanned by generators L n ,L n , and central charges c andc, the contraction reads
and
where l can be thought of as the AdS length scale, which is taken to infinity. Under this contraction, the highest weight representations with conformal dimensions h,h map to unitary massive modules with the following quantum numbers
The existence of a limit relating unitary representations of the Virasoro algebra to unitary representations of the BMS 3 algebra can be regarded as evidence that the observables in the CFT 2 can be related to observables in a theory with BMS 3 symmetry. Before addressing this issue, we first need to define operators in a theory with BMS 3 symmetry.
State -Operator map
In the context of AdS/CFT, a set of observables commonly studied are conformal correlators [38] . In order to compute these objects, one must first define the operators appearing in the correlator. This is done through the state-operator map, relating states in a given highest weight representation to a local insertion of an operator in the manifold where the CFT is defined. In the case of a theory with BMS 3 symmetry, we have defined the relevant representations in section 3.1. We are now ready to study the nature of the operators associated to states in such representations.
States in unitary representations can be understood as insertions of local operators in super-momentum space. The generators L n , M n , and 1 appearing in the algebra 3.2 naturally induce the adjoint representation of the bms 3 algebra acting on the linear operators of the Hilbert space associated to a massive module. The adjoint representation acts as the commutator. Denoting the generators of the symmetry as G a , and a linear operator as Φ, we have
This directly implies that the center generators have vanishing action on the operator Φ, so that the adjoint representation of the generators of the algebra is a representation of the non-centrally extended bms 3 algebra, which we will denoteb ms 3 .
Theb ms 3 algebra admits different geometric realizations. In some works [20, 21, 39] , a realization involving differential operators in the plane has been used to construct local operators that are associated to states in highest weight representations. For the modules specified in section 3.1, the natural realization of the algebra is in super-momentum space. The algebra consists of differential operators acting on functions of super-momentum coordinates p (n) . The realization is the following.
(3.9)
The global generators of translations are realized by p (n) with n = ±1, 0, which are coordinates in momentum space. Explicitly,
where the Lorentz vector (ω, k) stands for thee-momentum, k = |k|, and χ is an element of the unit circle.
In order to define an operator at a point in momentum space, we first need to find a point stabilized by the generators l 0 and m n , which are the generators needed to define the representation algebraically in 3.4. This point is given by p (n =0) = 0. Demanding that the action of M 0 on the operator placed at this point is consistent with the algebraic definition of the state |M, s in 3.4 yields p (0) = M . It is clear then that the state |M, s corresponds to the insertion of an operator at the rest-frame (super-)momentum p (n) 0 = M δ n,0 . We thus state the following correspondence Φ s (p 0 )|0 ≡ |M, s , (3.11) where, |0 stands for the bms 3 invariant vacuum, which corresponds to the M = s = 0 choice of quantum numbers in the massive module.
Having found a point in super-momentum space in which to insert an operator, we now need to act with global super-rotations to move the operator to a general point in momentum space. The logic is equivalent to the construction of local operators in conformal field theories, where operators are first defined at the origin, and then moved away from the origin by using global conformal transformations. Operators at a general point in momentum space are then
where the parameters ω n parametrize the Fourier expansion of a global super-rotation vector field on the circle ω(φ)∂ φ . Knowing the action of the generators of the symmetry on these fields at the rest frame now allows us to derive how the operators transform in general points in momentum space. Explicitly, we obtain
More general insertions involving non-trival super-momentum correspond to descendant operators and descendant states of |M, s . This is discussed very briefly in appendix A. Having discussed bms 3 operators, we are now ready to compute simple correlators.
BMS 3 correlators
Having defined BMS 3 operators in the last section, we can now assemble correlators of the form 0|Φ(p 1 )Φ(p 2 ) · · · |0 . Using the transformation laws 3.13 yields simple differential equations that can be solved to obtain
16)
A similar treatment of the three-point function yields Invariance under Lorentz transformations implies that the correlator can only depend on two Mandelstam variables associated to the momenta p i . Even though the correlator cannot be completely fixed, we can expand it in a basis of BMS 3 invariant functions that we will denote as BMS 3 blocks. The logic is exactly the same as the one leading to Virasoro blocks in the context of conformal field theories. Under a choice of channel, we insert the identity operator as a sum over a complete set of states
The index α labels all representations associated to the physical content of the theory, and we have denoted the contribution from a given representation by F α . Some of those states might corresponds to states in a massive module of the form considered in section 3.1. All states in a given massive module share the same eigenvalue with the casimir operators
In particular, the eigenvalue of the casimir C 1 is the mass squared M 2 α , while the eigenvalue with C 2 stands for the helicity. Demanding that the function F α is an eigenvalue of the two casimirs completely fixes its dependence on the two independent Maldestam variables. If we consider four spinless fields exchanging a spinless representation, the result reads
The results 3.21, 3.17, and 3.16 look very familiar in the context of quantum field theory in flat space. They correspond to the S-matrix amplitudes of particles propagating in a flat space geometry 2 . Indeed, we can regard the correspondence between a gravitational theory with flat asymptotics and a theory with BMS 3 symmetry as a matching between BMS 3 correlators as defined in this section, and scattering amplitudes in an asymptotically flat geometry. Unfortunately, as of now no theory with BMS 3 symmetry and a large central charge is known that could realize the holographic principle for physics in flat space in the limit of small Newton's constant. The purpose of this paper is to instead provide with an alternative microscopic understanding of the gravitational theory, as a "flat" limit of a conformal field theory. As we have seen in section 2, flat limits of global conformal correlators turn into the results 3.21, 3.17, and 3.16 presented in this section. In the remainder of this paper, we study slightly more complicated CFT 2 correlators that result into non-trivial scattering amplitudes in flat space-time. 2 Note that the expressions we have defined in this section are just a basis of BMS3 invariant functions in which one can expand general correlation functions. More familiar amplitudes obtained by the evaluation of Feynman diagrams can be thought as a different basis, and they can be expanded into a linear combination of the blocks presented throughout this note
Scattering on a cone
In this section we seek to show how studying flat limits of non-trivial CFT 2 correlators can give rise to non-trivial scattering amplitudes in an asymptotically flat space-time. More specifically, we seek to obtain the S-matrix amplitude of a particle scattering against a cone geometry from an indirect, holographic perspective. In the conformal field theory, we will consider correlators involving primary operators in a state dual to a conical deficit AdS 3 geometry.
The section is split as follows. We will first analyze the problem from the point of view of a quantum field theory living on an asymptotically flat geometry. We will then turn to the CFT 2 persepective and analyze correlators in deficit states. Finally, We will obtain the same answers by using a slightly modified version of formula 2.14.
Scattering against a cone in flat space-time
The problem of scattering in cone geometries was first studied non-relativistically in [15, 16] . The relativistic version was studied more recently in [17] , and we will revisit the problem here in a different language. A general asymptotically flat geometry in 2+1 dimensions reads
The choice Ξ(φ) = 0 and Θ(φ) = −α 2 corresponds to an idealized cosmic string sitting at r = 0. The line element is
Fields propagating in this geometry effectively sense a conical deficit sourced at the origin. This can be seen explicitly by changing variables as u → t − r α and r → αr , (4.3)
which results in
As the angle coordinate is identified as φ ∼ φ + 2π, this geometry shows a conical deficit ∆φ = π(α −1 − 1). A particle propagating in this geometry classically will follow a trajectory that is deflected by ∆φ, as shown pictorically in figure 2.a).
We would like to understand the scattering quantum mechanically and relativistically, by studying quantum field theory in the background geometry 4.4. We will compute the Smatrix amplitude by applying the LSZ reduction formula to a momentum space propagator Figure 2 : Free particles/fields (red) scattering around a cone geometry (blue). The cone is represented in blue, with a dashed blue branch-cut representing the lack of periodicity under φ ∼ φ + 2π. a) Deflection of the trajectory of a classical particle that propagates freely in the conical deficit geometry. b) Quantum wave-packets approach the cone source at t = −∞, initially unaffected by the presence of the conical deficit. c) As the waves interact with the source of the cone, they scatter. Parts remains a plane-wave (red) that ignore the non-trivial geometry, while some of the wave scatters spherically (green) away from the location of the source.
in the cone geometry. The propagator of a scalar field of mass m [40, 41] must obey
5)
and single-valuedness around the angle coordinate implies
Solving 4.5 with the single-valuedness condition 4.6 is a lengthy computation that can be found in appendix D. The resulting propagator captures all the details concerning the scattering of a free scalar field on an asymptotically flat conical defect background. However, here we are concerned with S-matrix elements that we can compare to correlators of BMS 3 operators. In Minkowski space, S-matrices are obtained by applying the LSZ reduction formula to momentum space correlators, which are obtained from position space correlators by Fourier transforming against plane-waves. When studying QFT in curved space, one cannot define plane-waves, as these cannot be constructed from eigenfunctions of the D'Alembertian [42] . This is however not an issue here. S-matrix amplitudes are objects constructed at the null asymptotic boundary of Minkowski space at r → ∞. The class of geometries 4.1 are precisely defined such that the structure of the geometry at null infinity is that of Minkowski space. More concretely, the geometry 4.4 representing a cosmic string can be thought as the solution to the Einstein field equations in presence of a source at the origin r = 0 [43, 44] , such that local fields infinitely far away from the origin do not feel the presence of the string. All in all, this means that scattering amplitudes can be defined from propagators in asymptotically flat geometries by Fourier transforming against the plane-waves of Minkowski space. We thus have
The integrals over space-time points x and x ′ are performed explicitly in appendix D. The result can be written as follows
where the momentum vectors appearing in the expression are on-shell, obeying p 2 = −m 2 , and the function f (χ, χ ′ ) reads
The interpretation is simple. As a particle propagates towards the cone as a plane-wave, the scattering event results in an outgoing plane-wave that must conserve momentum, and an outgoing spherical wave that captures the interaction with the conical defect. These two waves correspond to the two terms appearing in formula 4.8. As can be seen explicitly, turning off the cone by setting α = 1 results on a vanishing scattered spherical wave. A pictorial representation of this process has been drawn in figure 2.
Correlator in a CFT 2 deficit state
In this section we discuss correlators of operators in CFT 2 states dual to AdS 3 conical deficit geometries. Such states can be understood, in the large central charge limit, as created by the insertion of a heavy operator whose conformal dimension scales with the central charge. Naively, one could claim that the correlator of two light primaries is computed by the Virasoro vacuum block between the two light primaries and the two heavy primaries. This is however incorrect, and can be argued simply by the fact that Virasoro vacuum blocks are not singlevalued as we move the light primaries around the insertion of the heavy operators [45] . However, the holographic calculation must involve a single-valued propagator, much like the flat space calculation shown in appendix D. The issue can be resolved by considering vacuum blocks in all channels, and summing over all channels in order to obtain a single-valued answer. This is the same logic presented in [46] when building crossing symmetric correlators. For the case at hand, we claim
where V α is the Virasoro vacuum block in the direct channel exchanging the identity representation between the light operators and the heavy operators associated to the deficit state |α . Using the explicit expression for the vacuum block, we have
(4.11)
This result can be seen to be correct by solving the holographic correlator. The calculation can be found in appendix E. An alternative useful formula can be achieved by rewriting 4.11 in a spectral decomposition
This is the formula that will be used in the calculations of this section.
Scattering on a cone as a flat limit of a CFT correlator
In this section we aim to test the proposal 2.14 in the case of correlators in CFT states different from the vacuum. In appendix D we have revisited the problem concerning light particles scattering over asymptotically flat conical geometries. Our objective now is to rederive the same result by taking a flat limit of a conformal correlator in a CFT deficit state generated by the insertion of a heavy operator. Our proposal for the scattering amplitude reads
where C(p i ) where defined in equation 2.15, and the operators in the deficit correlator are inserted at
Note that this insertion slightly differs from the proposed insertions 2.13. The reason is that the AdS conical deficit geometry studied in formula E.1 results in the conical defect geometry studied in formula 4.4 upon taking the flat limit ατ = t l , and ρ = r l , (4.15) which differs from the flat limit taken in formulas 2.2 by the factor of α. Otherwise the flat limit we propose remains unchanged. The correlator appearing here has been computed in the previous subsection so we have all ingredients needed to perform the calculation, which reads
where we have defined
The conformal dimensions of the operators in the correlator are taken to be ∆ i = m i l, such that the resulting particles are massive like the ones studied in section 4.1 above. The strategy to perform this calculation is to re-write the sum over κ as an integral over Mellin-like variables, resembling the set-up of section 2.2. The resulting integral can then be performed in the large l limit as a saddle point approximation. All the details have been relegated to appendix F, while here we quote the final result
This scattering matrix is precisely the one found in section 4.1 and more explicitly in appendix D when studying light particles propagating in an asymptotically flat geometry. We can regard this result as the statement that the proposal 2.14 can relate non-trivial CFT 2 correlators to non-trivial scattering events in asymptotically flat geometries. We can thus analyze physics in asymptotically flat space-times through a holographic lens by studying observables in conformal field theories and transforming them into S-matrix amplitudes.
Discussion
In this paper we have proposed formula 2.14 to translate CFT correlators into flat space scattering amplitudes. The proposal has been tested in simple (2 + 1)-dimensional examples. We have obtained low-point functions and blocks fixed by global BMS 3 invariance from low-point functions and global conformal blocks in CFT 2 's. We have also understood how non-trivial scattering processes can arise from more complicated conformal correlators. In particular, we have shown how the scattering of light particles against conical deficit geometries in flat space-times arises from the flat limit of conformal correlators in CFT 2 states different from the vacuum.
There are some interesting lines of future research which we will describe briefly and speculatively here.
Flat limit of Ward identities: In an upcoming paper [47] we will explore how BMS ward identities arise from a flat limit of Ward identities in a conformal field theory. In dimensions higher than three (D > 3), the Ward identities correspond to Weinberg soft theorems [48] involving soft radiative modes of the gravitational field [49, 50] . In three dimensions, we expect that the resulting flat limit results in the scattering of light particles over geometries containing boundary gravitons.
Non-trivial scattering in higher dimensions:
Formula 2.14 is in principle valid in higher dimensions, and can be adapted to asymptotically flat geometries containing black holes. It is tempting to state that the S-matrix amplitude of particles propagating in black hole geometries can be studied using conformal correlators through a flat limit. Studying such topics, and quantum corrections to formula 2.14, could lead to new insights concerning information loss in Schwarzschild black holes. There are several complications to this logic. The main one is that asymptotically flat black holes can only arise as a flat limit of AdS geometries containing "little" black holes, with a radius that would not scale with the AdS length scale. It is not clear (to us) how one can compute conformal correlators associated to such background. BMS 3 blocks: In this work, we have compared results from the flat limit of global conformal correlators to kinematic invariants of a theory with BMS 3 symmetry. However, we have only required global BMS invariance, and so the results obtained in section 2 are really fixed by Poincaré invariance. We believe it would be interesting to understand flat limits of Virasoro blocks, which should result in full BMS 3 blocks. It is not immediately obvious what such blocks correspond to in the language of asymptotically flat geometries, and so it is also interesting to understand the holographic picture associated to such objects.
Diagnostics of bulk locality in AdS/CFT: The formula we have studied in this paper can be understood as a way to carefully extract the contribution to a conformal correlator coming from a kinematic singularity, when the operators are located at configurations involving insertions 2.13 that conserve total energy-momentum. The authors of [51] have explored such poles in the case of null momenta (ω i = ∓k i ). Some singularities can only be understood as Landau poles in the bulk, representing a scattering event between massless particles that conserve total momentum. The existence of such singularities is a clear diagnostic of bulk locality. We believe that the existence of singularities associated to scattering events involving external particles with time-like momenta is worth exploring. If such singularities happen when there is no clear singularity in the boundary, one would be tempted to think of this as a further diagnostic of bulk locality.
B Amplitude with massless external particles
In this appendix we implement the flat limit of a conformal correlator involving four operators with conformal dimensions ∆ i = O(1). We start with formula 2.27, which we repeat here
The operators appearing here have to be inserted at locations 2.13, and then the correlator has to be smeared as in equation 2.14. Replacing the Mellin variables by the scaling γ ij = l 2 δ ij yields the following equation for the kinematic factors appearing in the Mellin transform .
(B.4)
In the large l limit, we can perform the integral over the Mellin variables using a stationary phase approximation. If we try to solve the condition dS/dδ 24 = dS/dδ 34 = 0, we find a degenerate saddle at
We will thus consider a saddle point approximation for the integral over δ 24 , and leaving a reminding integral over δ 34 . The approximation reads
where g contains the Mellin amplitude and the non-divergent part of the prefactors. The on-shell action S(δ * ij ) vanishes. We thus have, in terms of the Mellin amplitude
The integrals over the times t i are either Gaussian or Dirac deltas. They can be performed explicitly to obtain
where we have defined s ij = 2p i · p j , and we have also changed variables for δ 34 so the result looks exactly like the one derived in [10] . This is the formula quoted in the main text. If one now uses the explicit expression for the Mellin amplitude of a conformal block, this formula reduces to the result 2.36. We wont show the explicit computation here, as this was proven clearly in [10] .
C Amplitude with massive external particles
Unlike the massless case, here the Mellin constraints demand the scaling γ ij = lδ ij . Otherwise the computation is very similar. Expanding the integrand at large l we can approximate the result by a saddle point approximation. This yields two extremum equations that yield nondegenerate solutions for δ 24 and δ 34 . The four integrals over t i result in four delta functions. Three of them will correspond to conservation of three-momenta, while the last one will fix the exchanged momentum in the block. The structure of the integral reads
Here, both g(s ab , m a , δ ab ) and S(δ ab ) contains dependence on the structure of the Mellin amplitude. The stationary phase approximation requires us to evaluate the integrand at the saddle δ * ab obeying
The integrals over times t i are Dirac deltas of the form i δ (ω i + g i (s ab , m a , δ ab )) .
The conditions imposed by the distributions C.3 can be used to simplify the saddle point equations C.2, which result in the following saddle
This is precisely the point in Mellin space relevant for the proposal in [12] . We conclude that the formula 2.14 roughly reduces to the proposal in [12] in the case of massive external particles.
Evaluating the Mellin integrals at the saddle C.4, reorganizing the arguments of the remaining Dirac delta functions, and cancelling the large l divergences with the pre-factors in the proposed formula for the S-matrix 2.14, one obtains the expected result derived using global BMS 3 symmetry in equation 3.21
where the momenta appearing in this expression are time-like, obeying p 2 i = −m 2 i .
D Scattering on a flat cone revisited
In this appendix we solve the propagator G(x ′ , x) obeying the defining differential equation
with single-valuedness condition G(φ + 2π) = G(φ), on the cone geometry
Some of the calculations shown here are in some ways similar to the ones in [40] . We first look for the eigenfunctions of the d'Alembertian
The solutions that are well behaved at r = 0 read
with eigenvalue E = w 2 − κ 2 − m 2 . Single valuedness of these solutions as φ ∼ φ + 2π implies ν = n ∈ Z. We now use the following two equations (First one is an integral formula of the Bessel functions, and second one is Poisson's summation formula applied to the delta distribution)
to write an expression for the delta function as an integral over eigenfunctions of the d'alembertian.
We can now use the eigenvalue equation to note
We can thus define the propagator by dividing the integrand over the eigenvalue E κ,ω
Where the ǫ prescription has been chosen so that the propagator is the Feynman one. Explicitly, this formula reads
The integral over ω can be performed by closing the contour along large imaginary values of ω if t < t ′ or negatively large values if t > t ′ . Here, we will not perform the integral and continue with the Fourier transform suggested in the main text.
In order to perform the integrals over the space-time points, we will make use of the following representation of the plane-waves
The resulting computation reads 
The integral can be performed easily by making use of the asymptotic form of the Bessel functions. Note that this is allowed, as the functions themselves do not contribute when their arguments vanish. This can also be said about the Bessel H (2) , as the regime of integration avoids its divergence at vanishing argument. The formulas we use are
(D.20)
The resulting radial integrals turn into simple delta functions. In the end, we can write
where we have defined f (χ, χ ′ ) = i sin π α cos π α − cos(χ − χ ′ )
, (D. 22) and the momentum vectors are on-shell. This matches the non-relativistic result found in [15, 16] , and it is an altenate derivation to the relativistic calculation presented in [40] . For a pictorial interpretation of this result, see figure 2.
E Propagator in an AdS 3 conical deficit
Here we derive formula 4.12 for the holographic two-point function in a conical deficit AdS 3 geometry with line element
We start as we did in the flat case, by studying the propagator in a defect geometry. It will be useful to consider the following eigenvectors of the d'alembertian
The solutions that do not diverge at the boundary read
In order to remove the branch cuts of the hypergeometric function at the center of global AdS, we require
This can be written as a Jacobi polynomial (ignoring overall constants)
Single-valuedness in the angle coordinate implies ν = n ∈ Z. The Jacobi polynomials obey the following identity We are now interested in the boundary two point function, so we look at the propagator close to ρ, ρ ′ ∼ π/2. The eigenfunctions read Φ κ,ω,n → C κ,n (cos ρ) 1+ This is the holographic derivation of the spectral decomposition formula 4.12.
F Flat limit of CFT 2 defect two-point function
In this appendix we evaluate the flat limit of a two-point function in a CFT 2 state dual to a conical deficit in AdS 3 . The formula we start with is The integrals with respect to time can be reorganized in terms of the variables t ± = t 1 ± t 2 , such that 2 i=1 dt 1 dt 2 e iω 1 t 1 e iω 1 t 2 = 1 2 dt + e it + ω 1 +ω 2 2 dt − e it − ω 1 −ω 2 2 .
(F.3)
The integral over t + can be performed inmediately as the rest of the integrand does not depend on t + . The result is a dirac delta function imposing conservation of the energy. The integral over t − seems to imply that the sum over κ is dominated by large integers. To evaluate the sum explicitly, we re-write it as a hypergeometric function. The strategy is then to use an integral representation which allows for a saddle point approximation in the large l limit. The sum reads This integral representation is only valid if |arg −e −2iτ 12 | < π, which in our case is valid if we take the large l limit after performing the integral over s. Note that this representation is very similar to the Melin representation of CFT correlators, and at the technical level, this calculation is very similar to the one found in appendices C and B. The integral in the large l limit is dominated by a saddle point where s scales as s = ls ′ . Replacing also ∆ = ml, we can write K = 1 l e −2ml ds ′ e it − (2s ′ −m) g(s ′ ) e lf (s ′ ) , (F.6)
where we have defined Before writting this expression explicitly, we now perform the integrals over the time parameters t ± . These now result in dimple dirac deltas that then will allow for a great simplification of the final result. The integral over t + yields a delta function for conservation of the energy. The integral over t − is more complicated, but it constraints k 2 = k 1 . Using delta function identities, the result of these integrals simplifies to
Using now ω 2 = −ω 1 and k 2 = k 1 in our saddle point approximation, an further using the on-shell condition for the momenta results in
Adding and substracting this result with α = 1 yields S{p 1 , p 2 } ∼ δ (3) (p 1 +p 2 )+δ(ω 1 +ω 2 ) 1 k 1 δ(k 1 −k 2 ) n e in(χ 1 −χ 2 ) (−1) − |n| α − (−1) −|n| (F.12)
And finally performing the sum over n we obtain S{p 1 , p 2 } ∼ δ (3) (p 1 + p 2 ) + δ(ω 1 + ω 2 ) 1 k 1 δ(k 1 − k 2 ) i sin π α cos π α − cos χ 12 .
(F.13)
This is the result quoted in the main text, which matches the result concerning scattering of particles in asymptotically flat conical deficit geometries.
